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CNJ , In this work we study the effective potential in noncommutative three-dimensional models 

^ • where the noncommutativity is introduced through the coherent state approach. We dis- 

' cuss some important characteristics that seem to be typical to this approach, specially the 

behavior of the quantum corrections in the small noncommutativity limit. 
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Oh; 

D \ The noncommutativity of spacetime coordinates characterized by their fohowing commutation 



relation, 



^' [^f,92] = ^e'^% (1) 

. was originally proposed as a way to avoid the ultraviolet (UV) divergences which arise within the 

\ perturbative approach to quantum field theory. Many years later, it was discovered that in ascertain 



■ low energy limit of the string theory, a noncommutative field theory (NCFT) emerges [4]. This 

result inspired the scientific community to investigate different aspects of the NCFTs, while one of 

. n 

^ ' the most intriguing issues is the UV/IR (ultraviolet /infrared) mixing 3], that is the mixing of very 

H : 

5^ , distinct energy scales implying in arising of the new, so-called UV/IR infrared singularities, which 

can destroy the perturbative expansion. Other important issue is the lack of unitarity in theories 
where time does not commute with space coordinates j^]. This can be avoided via consideration 
of the theories with only space-space noncommutativity. Another observation is that the relation 
Eq.([T]) is not Lorentz invariant, unless that we promote the noncommutative parameter Q^^^ to be 



an operator 



in contrast with the constant noncommutativity. One should observe that the 



noncommutativity of spacetime coordinates, in general, does not exclude the possibility for the 
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appearance of UV divergences and a renormalization prescription is still necessary to guarantee 
the consistence of NCFT. 

Recently, one of the subjections to implement the noncommutativity of the spacetime coor- 

have attracted some attention because it 



dinates, that is the coherent states formalism [7|- 
apparently solves the problems with respect to unitarity, Lorentz invariance, and even the finite- 
ness problem. The finiteness is achieved because the coherent states approach to NCFT introduces 
a natural cutoff Q, that is the parameter of the noncommutativity, in the propagators of the 
model making any Feynman amplitude to be finite, at least while © is nonvanishing. In the three- 
dimensional case that we consider here, the coherent states naturally emerge in the context of 
anyons [lo| . 

One remarkable result is the renormalization of = (2 + 1) Gross-Neveau model, whereas the 
only consistent noncommutative extension of this model was obtained through coherent state ap- 
proach 



A large number of applications of this formalism have been studied, as such Aharonov- 
Bohm scattering 1^ and some black holes effects [l^, [l^ . 

In this work, using the tadpole method [l5], we will study the first quantum correction to the 
effective potential in a noncommutative three-dimensional spacetime based on the coherent state 
formalism, discussing some issues and difficulties of interpretation that was found in our approach. 

In the coherent state formalism the commutation relation Eq.([T| between the coordinates qi 
and q2 implies that the variable = "^(ft + ^92) and its complex conjugate z'^ = -^{qi + iQ.2) 
satisfy the following commutation relation 

[i,£t] = G, (2) 



from which we can define a vacuum state |0) as the state satisfying the relation z|0) = 
A coherent state is defined as an eigenstate of the annihilation operator z given by 

|2 



I a; = exp 



azt |o), (3) 



2 

where z\a) = a\a). 

If a = X + iy, where x and y are commutative coordinates, a classical field (^{x) will be repre- 
sented by 



0(x) = {a\mW) = I 7^e-''^--i\'\^m , (4) 



(27r)3 

where (t){k) denotes the Fourier transform of (t){x). 
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Thus, with the coherent state representation of the classical field (^{x), we can determine its 
propagator which turns out to be 



A{x-y) = {0\T cP{x)cPiy)\0) 

-ik{x—y) 



(5) 



where the chosen signature is ( — h +)• 

From the equation above, it is easy to see that the free Lagrangian of the theory within the 
coherent states approach can be formally represented in a similar form to 

1 



(6) 



Now, let us develop the perturbative approach to the quantum field theories within the coherent 
states formalism. As a first example, let us consider a very simple model defined by the action 



S 



(TX 



.2 i6 



(7) 



which describes a massless real self-interacting scalar field. 

To evaluate the effective potential, let us dislocate the field by (/)—)• (0 + <I>), where ^ is 
interpreted as the classical background field, and (/> is a quantum one (cf. [16]). So, the action ([7|) 
can be rewritten in terms of new fields as 



S 



j (fx\^(l) (□ - Ml) e-t^> - 85^0'' - 485^^0'' 



(8) 



where = lA^dg^^"^ is a background dependent mass. 

We will evaluate the effective potential with use of the tadpole method [l^. The diagram that 
contributes to tadpole equation at the one- loop order is depicted in Figure [H and the corresponding 
expression can be cast as 



(1) 



2^3 



(27r)3 A;2 + m2 
§m2 



48i5^$^ - 120^5^$ 



2fls3 



Erfc 



(9) 



2 2 

where Erfc{z) = —= / e~* dt denotes the complementary error function. 
V ^ Jz 
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Thus, the effective potential looks like 



eff 



,2^6 



155 



,12O92<I>40 



4$V27rG3 



(10) 



2 2 

where Erf{z) = —= \ e^* dt = 1 — Erfc{z) is the error function. 
Jo 

Taking into account the asymptotic of the error function at the small argument: 

Erf{x)c^^{x-^ + 0{x')), 



we find that term completely disappears from the effective potential, which assumes its minimal 
value at <I> = 0, so no spontaneous symmetry breaking is detected at one-loop order, just as it 
seems to happen in three-dimensional models which exhibit conformal invariance at the classical 
level 
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As we suggest that the noncommutativity parameter is very small, of the order of square of 
the Planck length, we can expand Veff around = and obtain 



eff 



1 



10V15 



TT 




5 1 $" + 900^—5^$^ + ©[9] . (11) 



We can see that the one- loop effective potential ([TT]) , obtained with use of the one-loop tadpole 



equation Q, is finite while Q differs from zero. The vacuum energy was shifted by {4V2^)-\ 
but this is not effectively a problem, because we can redefine V^ff to eliminate it. It is important to 



notice that for very small 0, <C 5^, we find that the coupling 



V27r0 



in the second term in Eq. (fTT 



is much larger than 1, disabling a perturbative analysis of this effective potential, therefore we 
cannot at least trust that our result is a good quantum approximation for the classical potential. 
This result can be naturally treated as an analog of the UV/IR mixing that haunts NCFT (cf. 



12l | where the similar singularities arose within the coherent states approach to the Aharonov- 
Bohm effect). While this approach to NCFT keeps the Feynman amplitudes to be finite through a 
"natural" cutoff, some remarkable aspects call the attention, those are, first, a very large vacuum 



energy (4\/27r0^)~^ and, second, a very large coupling constant arising due to the first quantum 
corrections. 

It is well-known that supersymmetry improves the UV behavior of ordinary theories, and non- 
commutative extensions of supersymmetric models are less dangerous in relation to UV/IR mixing 
than the extensions of non-supersymmetric ones. Therefore, as vacuum energy in supersymmetric 



5 



models is known to vanish, see e.g. [2l{], let us test whether the bad issues of Eq. (jlip arise in the 
three-dimensional Wess-Zumino model. 

n 

So, let us consider the three-dimensional A/" = 1 Wess-Zumino model [22] whose action being 
modified via the Gaussian factors within the coherent states approach is defined by 



(12) 



where spacetime indices are represented by Greek letters running from to 2. Latin letters represent 
spinor indices assuming values 1 or 2. 

To proceed with the calculation of the effective potential, let us shift the field (p by the back- 
ground field ^. Therefore, Eq. (|12p can be written as 



-8g'^(j)'^ - ASg'^^cj)^ - 1205^$^^ - lQOg'^<^^(p^ + e^^V^V'a 



(13) 



where = + 240^2 ^>'^ and M^ = m + 12g<^^. 

The diagrams which contribute to tadpole equation for the Wess-Zumino model are depicted in 
Fig. [2j The bosonic contribution to the tadpole equation is given by 

IQ 



e 2 



= -i$(m^ + 48g^<^^) - 120ig^<^^ Erfc 

V 27r0 



(14) 



and the corresponding expression for the fermionic contribution can be cast as 



T^P = Qig^M^-j==Erfc 



e 2 ^^^i- 



(15) 



Integrating the Eqs. (I14p and (I15p over and expanding around = 0, one find the one-loop 
effective potential in the form 

+^^^ (9m - 5\A^^2^240^) + 8g^ {l + 



.^J — $2(^ _ 45$2^(m2 _^ i2gm<P'^ + 192g'^<l>^) + 0[e] 



(16) 



2 V 27r 

In the supersymmetric theories, the vacuum energy vanishes, i.e., for ^ = V^jf = 0. Nev 



ertheless, it is important to notice that the same problem with a large coupling 



still arises. 
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Moreover, if m 7^ 0, the first quantum correction to the tree level mass is given by 





(17) 



Suggesting that 9 ~ Mp^ (Mp is the Planck mass), one should notice that the correction pro- 
portional to @~^/^ is negative, therefore a tachyonic state arises when a tree level massive theory 



is considered unless that m > Mp. But, to deal with such massive particles, we should take into 
account the gravitational effects whose presence would radically modify our study; in particular, 
the Gaussian factor would be also modified. So, it seems that the appearance of large effective 

coupling constants is a typical characteristic of the coherent state formulation of NCFTs. 



We could rcscalc the coupling constant as g = g'V&, in this case we can be sure that a large 

coupling does not arise and no tachyonic state would emerge. But, do we expect that a very weak 
coupling after quantum corrections could generate a potential 5'$^ with the coupling constant g' 
much larger that g? Could this "miracle" be a grasping of some unknown low energy quantum 
gravity effect? A more profound study in other dimensions would be necessary to point a direction. 
Anyway, these simple models presented here show us some characteristics of coherent state approach 
to NCFT which were not discussed before. 

In this paper, we have calculated the one-loop effective potential in the noncommutative (j)^ 
theory and its supcrsymmetric extension formulated on the base of the coherent states approach. 
The typical feature of theories formulated within this approach are the singularities arising in 
the small @ limit which can in principle imply in the tachyonic instability of the vacuum. Such 
singularities represent themselves as the natural analog of the infrared singularities arising within 
the UV/IR mixing mechanism in the usual noncommutative theories based on the Moyal product. 
We find that the presence of such singularities together with the fact that the dimensional reg- 
ularization known as a powerful tool implying in removing of some dangerous divergences in the 
commutative case does not work within the coherent states approach. However, we expect that 
better supcrsymmetric extension will allows to rule out such divergences. 



Acknowledgments. This work was partially supported by the Brazilian agencies Conselho Na- 

cional de Desenvolvimento Cientffico e Tecnologico (CNPq) and Coordcnacao de Aperfeicoamcnto 
de Pessoal de Ni'vel Superior (CAPES: AUX-PE-PROCAD 579/2008). The work by A. Yu. P. has 
been supported by the CNPq project 303461/2009-8. 




7 



[1] H. S. Snyder, Phys. Rev. 71, 38 (1947). 

[2] N. Seiberg and E. Witten, JHEP 9909, 032 (1999). 

[3] S. Minwalla, M. Van Raamsdonk and N. Seiberg, JHEP 0002, 020 (2000). 

[4] J. Gomis and T. Mehen, Nucl. Phys. B 591, 265 (2000). 

[5] D. Bahns, S. Doplicher, K. Fredenhagen and G. Piacitelli, Phys. Lett. B 533, 178 (2002). 

[6] S. Dophcher, K. Fredenhagen and J. E. Roberts, Commun. Math. Phys. 172, 187 (1995). 

[7] A. Smailagic and E. Spallucci, J. Phys. A 36, L517 (2003). 

[8] A. Smailagic and E. Spallucci, J. Phys. A 36, L467 (2003). 

[9] A. Smailagic and E. Spallucci, J. Phys. A 37, 1 (2004) [Erratum-ibid. A 37, 7169 (2004)]. 

[10] P. A. Horvathy and M. S. Plyushchay, Phys. Lett. B 595, 547 (2004); P. D. Alvarez, J. Gomis, K. 

Kamimura, M. S. Plyushchay, Ann. Phys. 322, 1556 (2007); P. A. Horvathy, M. S. Plyushchay, M. 

Valenzuela, Bosons, fermions and anyons in the plane, and supersymmetry [arXiv:1001.0274]. 

[11] B. Charneski, A. F. Ferrari and M. Gomes, J. Phys. A 40, 3633 (2007). 

[12] M. A. Anacleto, J. R. Nascimento and A. Yu. Petrov, Phys. Lett. B 637, 344 (2006). 

[13] P. Nicolini, A. Smailagic and E. Spallucci, Phys. Lett. B 632, 547 (2006). 

[14] S. Ansoldi, P. Nicolini, A. Smailagic and E. Spallucci, Phys. Lett. B 645, 261 (2007). 

[15] S. Weinberg, Phys. Rev. D 7, 2887 (1973). 

[16] L L. Buchbinder, S. D. Odintsov, L L. Shapiro. Effective action in quantum gravity. lOP Publishing, 

Bristol and Philadelphia, 1992. 

[17] P. N. Tan, B. Tekin and Y. Hosotani, Phys. Lett. B 388, 611 (1996). 

[18] P. N. Tan, B. Tekin and Y. Hosotani, Nucl. Phys. B 502, 483 (1997). 

[19] A. G. Bias, M. Gomes and A. J. da Silva, Phys. Rev. D 69, 065011 (2004). 

[20] A. C. Lehum, Phys. Rev. D 77, 067701 (2008). 

[21] L L. Buchbinder, S. M. Kuzenko, Ideas and Methods of Supersymmetry and Supergravity, lOP Pub- 
lishing, Bristol and Philadelphia, 1995. 

[22] S. J. Gates, M. T. Grisaru, M. Rocek and W. Siegel, Front. Phys. 58, 1 (1983). 



8 



Figure 1: One loop tadpole equation. Dashed lines represent the scalar field (j) propagator. Cut lines 
represent a removed external propagator. 




Figure 2: Dashed lines represent the scalar field propagator and solid lines represent the fermion field 
propagator. 



